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Summary
This thesis studies the geometry and topology of manifolds from an extrinsic point
of view. Suppose M4 is a complete noncompact locally conformally flat hyper-surface
with nonnegative scalar curvature immersed in R5. Given some conditions on the second
fundamental form and the mean curvature, we should show that if the L4 norm of the
mean curvature of M , i.e. (
∫
M |H|4 dvM )
1
4 is bounded by some constant which does
not depend on the manifold M , then M is embedded in R5. This result should be a
generalization of S. Mu¨ller and V. Sˇvera´k’s result on two dimensional manifolds which
immersed in Rn.

List of Notations and Conventions
∇ Riemann connection
Rm Riemann curvature tensor
Ric Ricci curvature tensor
R Scalar curvature
Br(x) A ball centered at point x with radius r
B Unit ball centered at the origin of Euclidean space
ωn Volume of the unit sphere Sn in the Euclidean space (Rn+1, |dx|2)
−
∫
B f dx Average integral of f given by −
∫






A central problem in global differential geometry is connections between the geom-
etry and the topology of a manifold. One of the most important results of such style is
the Chern-Gauss-Bonnet formula for closed Riemannian manifolds (Chern, 1944, [8]).
Actually, before Chern’s work, some mathematicians thought that differential geometry
was a dead end. Although there were plenty of satisfying results in classical differential
geometry, all were based on local analysis, which blocked the depth development of
differential geometry. Afterwards, it is S.S. Chern who brought a new life to differential
geometry and had used analysis, topology, algebra to study differential geometry from
a global point of view, and also established global differential geometry.
For modern differential geometry, a powerful branch is geometric analysis leading
by S.T. Yau. It mainly uses differential equations to study differential geometry, and
has created excellent work for many mathematical problems such as Yang-Mills fields,
Calabi-Yau manifolds, Ricci flow. The Poincare´ conjecture, which is one of the seven
Millennium Prize Problems, was solved in 2002 by using Ricci flow. Therefore, more
attention should be paid to consider using differential equations in studying differential
geometry.
In the rest of the chapter, we will introduce a problem in differential geometry, and
also a brief review of several results done by various mathematicians, which provides
the background and motivation of this thesis.
1.1 Studies on open surfaces
As mentioned previously, the Chern-Gauss-Bonnet formula is a very important result
in differential geometry. Actually, after Chern’s work, many mathematicians tried to
generalize this formula to open manifolds, and studied the total curvature to open
manifolds.
For an open surfaceM , the total Gaussian curvature is bounded by the Euler number
of the surface up to a multiplication of a constant, as long as the Gaussian curvature
is absolutely integrable, i.e. ∫
M
K dvM ≤ 2piχ(M), (1.1)
and such an open surface can be conformally compactified by attaching finite points
(Huber, 1957, [17]). Furthermore, the deficit between the Euler number of the surface
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where l is the number of ends of M , and µi is the isoperimetric ratio of each end.
Therefore, the Chern-Gauss-Bonnet formula is excellently generalized on open surfaces.
However, these are all intrinsic properties. For extrinsic properties, suppose an open
surface M with finite number of ends is immersed into an n dimensional Euclidean
space Rn, we consider the total integral of the second fundamental form.
Suppose ∫
M
|A|2 dvM < +∞,
then the Chern-Gauss-Bonnet formula (1.2) also holds, and in this case, the total
isoperimetric number is equal to the total number of ends of the open surface (counted









where l is still the number of ends and mi is the multiplicity of each end. Furthermore,
if
∫
M |A|2 dvM < 8pi for n = 3, or
∫
M |A|2 dvM ≤ 4pi for n ≥ 4, then M is embed-
ded (Mu¨ller and Sˇvera´k, 1995, [25]). These conclusions indicate that some geometric
assumptions can deduce topologic results, but they are just on surfaces, i.e. two dimen-
sional manifolds. Since we have no idea if they also hold on general cases, our research
should be concentrated on general manifolds.
1.2 Studies on locally conformally flat open four dimensional
manifolds
For four dimensional manifolds, Huber’s result on the upper bound of the total
Gaussian curvature can be generalized to complete four dimensional manifolds of pos-
itive sectional curvature outside a compact set (R. Greene and H. Wu, 1976, [16]), but
the deficit between the Euler number and the total Gauss curvature of the manifolds
is hard to deduce. This gap is filled only after Branson creating Qn curvature.
As we all know, isothermal coordinates always exist on a surface, which means a
surface is always locally conformally flat. Therefore, it is very natural to study the lo-
cally conformally flat manifolds. Actually, for a locally conformally flat four dimensional
close manifold M , the total Gaussian curvature is equal to the total Q4 curvature up to
a multiplication of a constant. For locally conformally flat open four dimensional mani-
folds with finitely many simple ends whose scalar curvature is nonnegative at each end
and the Q4 curvature is integrable, we can use the Q4 curvature equation to determine
the deficit between the Euler number of M and the total Q4 curvature (Chang, Qing
and Yang, 2000, [7]). With appropriate conditions on scalar curvature, Ricci curvature
tensor and Q4 curvature, they obtain that such manifold can be compactified by ad-
joining a finite number of points (Chang, Qing and Yang, 2000, [7]). This work provides
a method to study the locally conformally flat manifolds. However, for general open
manifolds, we still do not have enough knowledge about the total Gaussian curvature.
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1.3 Results of this paper
Based on the analysis of previous work, applications of the Chern-Gauss-Bonnet
formula need to be studied for locally conformally flat four dimensional manifolds.
Therefore, in this thesis, we try to generalize Mu¨ller and Sˇvera´k’s work ([25]) on surfaces
to locally conformally flat four dimensional manifolds. In [25], they showed the following
results,
Theorem 1.1 Let M → Rn be a complete, connected, non-compact surface immersed
into Rn. Assume that either ∫
M
|A|2 dvM < 8pi, n = 3,
or ∫
M
|A|2 dvM ≤ 4pi, n ≥ 4.
Then M is embedded.
In this thesis, we study the topology and geometry of locally conformally flat open
four dimensional manifolds immersed into the Euclidean space R5. More specifically,
we will show the following theorem,
Theorem 1 Let M → R5 be a complete, simply connected, noncompact, locally con-
formally flat hyper-surface immersed into R5 with 16H2 − |A|2 to be non-negative and










Then M is embedded.
For the constant C1 in Theorem 1, please refer to Chapter 4.
This theorem shows that some weak conditions on the mean curvature and sec-
ond fundamental form, which are extrinsic quantities, can control the topology of the
manifold.
First let us give some standard notations. Let M be a complete, connected, non-
compact, oriented, locally conformally flat four dimensional manifold immersed into
R5, i.e. M is a locally conformally flat hyper-surface of R5. We denote the second
fundamental form of M by A, and Q4 curvature of M by Q4. Choose a conformal
parametrization
f : Ω∗ → Σ ⊂M → R5,
where
Ω∗ = {x ∈ R4, |x| > 1},
and Σ is a neighborhood of an end of M . Under this conformal parametrization, we
denote the conformal metric to be g = e2ug0, where g0 is the standard flat metric.
With the conditions in Theorem 1, we obtain,
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Theorem 2 Suppose H4 and ∆(16H2 − |A|2) ∈ H1(M), R = 16H2 − |A|2 ≥ 0. Then
in local coordinates (Ω∗, e2ug0), the metric e2ug0 is normal. Furthermore, the conformal
factor has the following decomposition,




and h is a biharmonic function on Ω∗ ∪ {∞}.
For the definition of normal metric, please refer to Chapter 5. By the decomposition
of the conformal factor, we can prove that the parametrization function f behaves like
xm in some sense.
Theorem 3 Choose a conformal parametrization
f : Ω∗ → Σ ⊂M → R5.











Finally, we can prove Theorem 1.
As shown in Theorem 2, given weak assumptions on the mean curvature and the
second fundamental form, we have a nice decomposition of the conformal factor u. The
results show that the conformal factor u behaves like a log function at infinity. Hence it
becomes possible to study the conformal factor. Furthermore, with this decomposition,
the deficit between the Euler number of M and the total Q4 curvature is equal to the
total number of ends of M . This is similar to the result in [25], where they claimed in
Cor 4.2.5 that if a surface is immersed into a Euclidean space Rn with
∫
M |A|2 dv <∞,
the deficit between the Euler number and the total Gaussian curvature is the total
number of ends of the given surface. This decomposition is also used to study the
conformal parametrization function f , which can be seen in Theorem 3.
Theorem 1 is the key result of this thesis, which says that under suitable conditions
on the mean curvature and the second fundamental form, the immersion of the manifold
becomes an embedding. The main step to obtain this result is to use conditions on
the total integral of the mean curvature to find the decomposition of the conformal
factor. After that, we find the behavior of the conformal parametrization function, i.e.
the conformal parametrization function behaves like xm. Then we use the integrability
condition on the mean curvature to control the number of ends of the manifold. Finally,
the immersion is actually an embedding.
We work on this result, because it shows some connections between the topology
and the geometry of a manifold, which is one of the central problems in differential
geometry.
The following section shows the structure of this thesis.
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Chapter 2 provides some necessary material and conventions in differential geometry.
Chapter 3 discusses the high dimensional Chern-Gauss-Bonnet theorem which is due
to X. W. Xu [33]. Chapter 4 shows the way to use the mean curvature to control the
number of ends of a manifold with nonnegative scalar curvature. Chapter 5 presents
the main result of this thesis, i.e. using the mean curvature to control the topology of
locally conformally flat four dimensional hyper-surfaces.

2Backgrounds and Preparation
In this chapter, we are going to introduce necessary materials and clarify conventions
which we need for the rest of the thesis. Most of these can be found in standard
textbooks on differential geometry or Riemannian geometry.
2.1 Riemann connection, Curvatures and second fundamental form
Following [9], given a complete Riemannian manifold (M, g,∇) with Riemann metric
g and the induced Riemann connection ∇, the Riemann curvature tensor is defined by
the following formulas,
R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z, (2.1)
Rm(X,Y, Z,W ) = 〈R(X,Y )Z,W 〉. (2.2)
In local coordinates, (2.1) and (2.2) is equivalent to the following equations,
R(∂i, ∂j)∂k = R
l
ijk∂l,
Rijkl = 〈R(∂i, ∂j)∂k, ∂l〉 = gmlRmijk. (2.3)
According to (2.3), by taking the trace of Riemann tensor, we get Ricci curvature
tensor Ric. Furthermore, if we take the trace of Ricci curvature tensor, we obtain scalar
curvature R. Hence, in local coordinates,
Ricij = g
kmRkijm,
R = gijRicij .
Now we use moving frames to deal with the Riemann connection and curvature
tensors. Suppose (M, g,∇) is a Riemannian manifold, {ei} is a local frame on some
open subset U ⊂M , and let {ωi} be the dual coframe. Then there exist one forms {ωji }
such that








k ∧ ωl (2.5)
is the curvature form.
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k ∧ ωl. (2.6)
Next, let us consider differential geometry from an extrinsic point of view.
Suppose Mn is a differentiable manifold. Mn is immersed into the Euclidean space
(Rn+1, |dx|2), i.e. Mn is a hyper-surface of Rn+1. We will denote by ∇˜ the Riemannian
connection on Rn+1 induced by the canonical metric |dx|2, and denote by ∇ the induced
Riemann connection on Mn.
Suppose X,Y are tangent vector fields on M , the second fundamental form A is
defined to be the normal projection of the Riemann connection,
A(X,Y ) = (∇˜XY )⊥.
For any point p ∈ M and the unit normal vector field N on M , the second fun-
damental form A determines a self-adjoint linear map AN : TpM → TpM , i.e. the
Weingarten operator defined as follows:
〈AN (X), Y 〉 = 〈A(X,Y ), N〉.
For any point p ∈M , we denote by λ1, λ2, . . . , λn the eigenvalues of the symmetric
transformation AN of the tangent space TpM . These eigenvalues λ1, λ2, . . . , λn are
called the principal curvatures at p. The Gaussian curvature K is defined to be the
determinant of the second fundamental form,
Kn = λ1 · λ2 · · ·λn−1 · λn. (2.7)
For the hyper-surface M → Rn+1, suppose Sn ⊂ Rn+1 is the unit sphere centered
at the original point of Rn+1, the Gauss map
G : M → Sn ⊂ Rn+1
maps every point of the hyper-surface to the normal vector at that point,
∀ p ∈M, G(p) = N(p),
where N(p) is the unit normal vector at p. With this definition, we have the following
Weingarten equation,
〈dGp(X), Y 〉 = −〈G(p), A(X,Y )〉,
for tangent vector fields X,Y of M .
Hence, by taking an orthonormal frame {e1, e2, · · · , en} of the tangent bundle of M ,
we have the norm
|dG| = |A|.
The following equation, i.e. Gauss equation, describes the difference between the
intrinsic and extrinsic connections,
Rm(X,Y, Z,W ) = 〈A(X,W ), A(Y, Z)〉 − 〈A(X,Z), A(Y,W )〉.
2.2 Qn curvature and Qn curvature equation 9
The scalar second fundamental form h is the symmetric 2-tensor on M defined by
h(X,Y ) = 〈A(X,Y ), N〉.
In local coordinates, we have the local form of the Gauss equation,
Rijkl = hilhjk − hikhjl. (2.8)
Hence, after contracting (2.8) once and twice respectively, the Ricci curvature tensor
and scalar curvature can be represented in terms of the second fundamental form,
Rjk = nH · hjk − hlkhjl,













is defined to be the mean curvature.
2.2 Qn curvature and Qn curvature equation
Next, let us consider the high order curvature which is a generalization of the scalar
curvature in two dimensional case, i.e. the Qn curvature.
Suppose (Mn, g0) is a complete Riemannian manifold. For conformal geometry, con-
sider the conformal metric g = e2ug0 on M ; then an operator A on the manifold M is




for φ ∈ C∞(M).
The simplest example is the Laplace-Beltrami operator ∆ for two dimensional man-
ifold, where








It is a conformally covariant operator of bidegree (0, 2). More precisely, it satisfies
∆g = e
−2u∆g0 .
Furthermore, for this operator, we have the following Gaussian curvature equation
∆g0u+Kge
2u = Kg0 , (2.10)
where K is the Gauss curvature.
It is quite natural to ask whether there exists a high order conformally covariant
operator Pn, and whether there exists a local curvature invariant Qn satisfying the
following conformal transformation formula,
enuQn,g = Qn,g0 + Pn,g0u, (2.11)
for n > 2.
Thanks to C. R. Graham, R. Jenne, L. Mason and G. Sparling, they show the
following result in [15],
10 2 Backgrounds and Preparation




any positive even integer, n odd
m ≤ n, n even.
Then there exists a conformally covariant operator Pn on C
∞(M) of degree (m−n2 ,
m+n
2 ),
such that the leading symbol of Pn is the same as the symbol of ∆
n
2 . In particular, on
(Rn, |dx|2), Pn = ∆n2 .
For a special case when n is even, and m = n, the conformally covariant operator Pn
is of bidegree (0, n). In [2], T. Branson proved that there exists Qn curvature satisfying
(2.11), whereQn can be represented by the metric g, the connection∇ and the curvature
tensor Rm. Then (2.11) is said to be the Qn curvature equation.
Suppose (M, g) is a complete Riemannian manifold, if for every point p ∈M , there




where u is some function defined on the neighborhood Up of p. Then the manifold M is
said to be locally conformally flat. Since for a flat metric, the curvature tensor vanishes,
the Qn curvature for g0 also vanishes. Hence, for a locally conformally flat manifold





In the following, we say Qn = Qn,g is the Qn curvature for locally conformally flat
manifold Mn, if there is no confusion.
Although we know the existence of Qn curvature due to [2], it is hard to write the
explicit formula of Qn curvature for arbitrary n. For some lower dimensional case, we
know the expressions of Qn.
For n = 2, it is obvious that
P2 = ∆,
and










Rg − 2 Ric)d,
where δ is the divergence operator, R is the scalar curvature, Ric is the Ricci curvature




















2.3 Chern-Gauss-Bonnet formula 11
We can calculate that




If we consider the conformal metric g = e2ug0 on M , then we have the conformal




It is well-known that for an orientable, closed even dimensional Riemannian manifold
Mn with n = 2m, Chern-Gauss-Bonnet theorem states∫
M







εi1,··· ,inΩi1i2 ∧ · · · ∧Ωin−1in (2.18)
and χ(M) is the Euler characteristic number of M . Here, εi1,··· ,in is defined as follows,
εi1,··· ,in =

1, i1, · · · , in is an even permutation of 1, · · · , n
−1, i1, · · · , in is an odd permutation of 1, · · · , n
0, i1, · · · , in are not all distinct.
In the following, we are going to recall some results of Chern-Gauss-Bonnet theorem
on open manifolds.
For an n dimensional differentiable manifold M , consider the Kulkarni-Nomizu prod-
uct
◦ : S2M × S2M → CM,
where S2M = T ∗M⊗ST ∗M is the bundle of symmetric 2-tensor, and CM is the bundle
of curvature tensors, defined by:
(α ◦ β)ijkl = αilβjk + αjkβil − αikβjl − αjlβik.
The Riemann curvature tensor can be decomposed into three orthogonal part,
Rm = W +
R
2n(n− 1)g ◦ g +
1
n− 2 E ◦g,
= W + S ◦g,
where W is the Wely tensor and S = 1n−2 [Ric− R2(n−1)g] is the Weyl-Schouten tensor.
With the help of Weyl-Schouten tensor, we have the characterization of a manifold,
whose dimension is not less than 4, to be locally conformally flat,
Property 2.2 A Riemannian manifold (Mn, g) with n ≥ 4 is locally conformally flat
⇐⇒ the Weyl tensor W = 0.
12 2 Backgrounds and Preparation
Notice that we have defined the Gaussian curvature Kn in (2.7). Actually, there is






εi1,··· ,inΩi1i2 ∧ · · · ∧Ωin−1in . (2.19)
Now we determine the explicit formula of Gaussian curvature for a locally confor-
mally flat four dimensional Riemannian manifold in terms of various curvatures.
Consider the curvature form and note that for a locally conformally flat manifold,
the Weyl tensor W vanishes. Hence, take an orthonormal frame such that it diagonalizes















j ∧ ωl − Sjlωi ∧ ωl)
= −(µi + µj)ωi ∧ ωj . (2.20)
Therefore, by (2.20), we obtain that∑
i1,··· ,i4
εi1,··· ,i4Ωi1i2 ∧Ωi3i4
= 8[Ω12 ∧Ω34 −Ω13 ∧Ω24 +Ω23 ∧Ω14]
= 8[(µ1 + µ2)(µ3 + µ4)ω
1 ∧ ω2 ∧ ω3 ∧ ω4 − (µ1 + µ3)(µ2 + µ4)ω1 ∧ ω3 ∧ ω2 ∧ ω4
+(µ2 + µ3)(µ1 + µ4)ω
2 ∧ ω3 ∧ ω1 ∧ ω4]
= 16σ2(S)ω
1 ∧ ω2 ∧ ω3 ∧ ω4. (2.21)





Now we calculate that
2σ2(S)
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Q4 = 6K4 − 1
6
∆R.
In this case, by (2.18),




Hence, for a locally conformally flat four dimensional closed Riemannian manifold,





Q4 dvM = χ(M). (2.26)
A. Chang, J. Qing and P. Yang generalized Chern-Gauss-Bonnet theorem to open
manifolds in [7],
Theorem 2.3 Suppose that (M, g) is a complete four dimensional manifold with finite
number of conformally flat simple ends. And suppose that
(a). The scalar curvature is non-negative at infinity at each end.

























and l is the number of the ends.

3High Dimensional Chern-Gauss-Bonnet formula
In this chapter, we want to introduce Chern-Gauss-Bonnet theorem for high even
dimensional locally conformally flat open manifolds. For more general case, please see
[33]. Since this result and the method of the proof will be applied to prove the main
theorem of this thesis, we will provide the argument for completeness of this thesis. In
order to state the results, let us present some definitions and notations.
Definition 3.1 Suppose (M, g) is a complete open locally conformally flat n dimen-
sional manifold such that









and each end Ei is simple in the sense that,
(Ei, gi) = (Rn\B, e2uig0),
for some function ui. Such manifolds will be called complete locally conformally flat n
dimensional manifolds with simple ends.
Actually, there are many examples of such manifolds. For example, complete metrics
with constant positive scalar curvature on Sn\{pi}ki=1, i.e. Sn with k points deleted
constructed by R. Schoen [28] and R. Mazzeo and F. Pacard [24].
The high dimension Chern-Gauss-Bonnet theorem can be stated in the following,
Theorem 3.2 Suppose (M, g) is an open complete locally conformally flat n = 2m
dimensional manifold with simple ends. Let l be the number of ends. Assume that
(a) the scalar curvature is non-negative at infinity on each end;
(b) the Qn curvature is absolutely integrable.


























3.1 Chern-Gauss-Bonnet formula for Rn
In the following, we consider the even dimensional Euclidean space Rn. Similar to
[7], we define normal metric for high dimensional manifolds,
Definition 3.3 A conformal metric e2ug0 on the Euclidean space Rn with the Qn cur-

















C0 is a constant and ωn is the volume of the unit sphere Sn in the Euclidean space
Rn+1.
Following Chang, Qing, and Yang [6] and N. Trudinger [32], we can define the mixed















for k = 1, 2, . . . , n− 1.
By the above definition, for all 1 ≤ j ≤ n − 1 and 1 ≤ k ≤ n − j, we define the













We want to prove the following theorem,
Theorem 3.4 Suppose e2ug0 is a smooth complete normal metric on Rn with absolutely








nu dy ≥ 0.
Furthermore, if α > 0, then
lim
r→∞Ck,k+j(r) = α,
for all 1 ≤ j ≤ n− 1 and 1 ≤ k ≤ n− j.
3.1 Chern-Gauss-Bonnet formula for Rn 17
Notice that the above theorem was obtained both by X.W Xu [33] and C.B. Ndiaye,
J. Xiao [26] using different method. In order to prove Theorem 3.4, we need several
lemmas.









































































which is proved in the Appendices, we can see in order to finish the proof of Lem 3.5,
we only need to show that the spherical average integral of the last term in (3.2) tends







Since Qn is absolutely integrable, ∀ ε > 0, ∃ a sufficiently large R0 > 0 such that∫
|y|≥R0
|Qn(y)|enu(y) dy ≤ ε
4
. (3.3)
For such fixed R0, there exists a sufficiently large R1 > R0 > 0 such that if r > R1, for







We also have, for |y| ≥ R0, by Ho¨lder inequality,


















since 1|x−y|n−2 is a harmonic function.



























































With k = 1 in (3.6), take spherical average of (3.2) and let r →∞, we get (3.1). 2





eku dσ = eku¯eo(1), (3.7)
where o(1)→ 0 as r →∞.








































































= f(|x|) + u1(x) + u2(x). (3.8)
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We can see that f(|x|) is a radial symmetric function which is the major part of u
when |x| → ∞. For sufficiently large |x|, if |x| 12 ≤ |y| ≤ 12 |x|, then
1
2









































≤ C · log |x|
1
2











where C,C1 do not depend on x.
Hence,
|u1(x)| = o(1) as |x| = r →∞. (3.10)
Next, we want to show that the average integral of u2 has the estimate that u¯2(r) =




































is bounded for |y| ≥ 12 |x|.





|x− y| ≤ 1. (3.12)
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On the other hand, it also follows by Jenson’s inequality and the fact that |x− y| ≤






















Combining (3.13) and (3.14), we obtain that L is bounded from above by a constant




u2(x) dσ = o(1) as r →∞. (3.15)































In order to prove (3.7), by (3.16), we only need to show that the last term on the









= o(1), as r →∞. (3.17)
Since f(|x|) is a radial symmetric function, then by Jenson’s inequality, (3.10) and
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In order to prove the last term in (3.18) is o(1) as r → ∞, we follow [13] and [6].




(1− eku2(x)) dσ| = |−
∫
∂B1(0)
(eku2(rσ) − 1) dσ|. (3.19)
Next, we estimate the measure of the set EM = {σ ∈ Sn−1| |u2(rσ)| > M} for any























First we claim that for |y| ≥ 12 |x|,∫
EM
| log |y||x− y| | dσ ≤ (C2 + C3 log
1
|EM |)|EM |, (3.21)
for some constants C2 and C3 depending only on the dimension n.

























The second integration of the last term of (3.22) is bounded by log 3.
Now we estimate the first integral of the last term of (3.22). If |y| 6= r, then by the










|rσ − y| dσ
≤ ωn|EM | . (3.23)
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Notice that the last step in (3.24) is the potential estimate (7.32) in [14] on page 159
by choosing a point P which is not belong to EM , and project the domain EM into Rn
by stereographic projection. Observe that the set EM is not equal to the whole sphere
is r is sufficient large as we have shown that u¯2(r) tends to zero as r →∞.
Hence, it is clear that our claim (3.21) follows from (3.22), (3.23) and (3.24).
Therefore, by (3.20) and (3.21), we get
M ≤ o(1)(C2 + C3 log 1|EM |), (3.25)
where o(1)→ 0 as r →∞. Solve (3.25) for |EM | in terms of M , we get











(ek(±M) − 1)|EM | dM |
= o(1). (3.27)












Lemma 3.6 follows by taking exponential on both sides of equation (3.28). 2








|k dσ = o(1) as r →∞. (3.29)
























∣∣∣∣∣x · (x− y)|x− y|2 −−
∫
∂Br(0)
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Hence, by taking the kth−power of (3.30) and integrating over the sphere ∂B1(0),

























































= o(1), as r →∞, (3.31)
by the estimate (3.6) in the proof of Lemma 3.5 if k ≤ n − 2. If n − 2 < k < n − 1,







dσ ≤ C(n, k),
where C(n, k) is a constant only depends on n and k − 1. 2
Lemma 3.8 For any positive real number k < n−1, there exists a constant C depend-











|k dσ} ≤ C. (3.32)
Proof. The proof follows from the estimate (3.6) in the proof of Lemma 3.5. 2






Notice that the completeness of the metric g = e2ug0 implies that the corresponding
radial symmetric metric g¯ = e2u¯g0 is also a complete metric. Hence we can conclude
from this completeness that β ≥ 0. Next, we consider two cases,
Case 1. β = 0.






Integrating (3.33), we get
rn−1enu¯(r) ≤ Rn−10 enu¯(R0), (3.34)
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for some constant C1 depending only on R0 and n. Therefore, r
nenu¯(r) is uniformly




nenu¯(t) dt is also bounded for all r, hence we obtain that
lim
r→∞ r
nenu¯(r) = 0. (3.35)
It follows from (3.35) and the definition of Cn−1,n that
lim
r→∞Cn−1,n(r) = 0. (3.36)
If Vn(r) is unbounded, i.e.,
lim
r→∞V (r) =∞,
then if Vn−1(r) is bounded, it follows from the definition of Cn−1,n that the equation
(3.36) holds in this case. If
lim
r→∞Vn−1(r) =∞,




























Here in the second equality we have used Lemma 3.7, Lemma 3.8 and Ho¨lder in-
equality.
Case 2. β > 0.








Integrate (3.38), we get














which clearly implies that Vn−1(r)→∞, and so is for Vn(r).
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Similarly we can show that for all 1 ≤ k ≤ n− 2, Vk(r) also tends to infinity.
Then by Lemma 3.7, Lemma 3.8 and Ho¨lder inequality, we obtain that
Vk(r) = V¯k(r) + o(1), (3.41)
as r →∞ for all 1 ≤ k ≤ n−1, where V¯k(r) is the mixed volume with respect to metric
e2u¯(r)g0. To be precise, for k = n − 1, (3.41) holds by Lemma 3.5. For k ≤ n − 2, we



































































(eku − eku¯) dσ
]
+ V¯k(r). (3.42)
By Ho¨lder inequality, Lemma 3.7 and Lemma 3.8, we can see that every term in
(3.42) is o(1) as r →∞ except V¯k(r).








For radial symmetric metric eu¯g0, we can see that Ck,k+j(r) = 1 + r
∂u¯
∂r , except for
the case k = n − 1 and k = 1. For k = n − 1, we again use L’Hospital’s rule since
the ratio is the type of infinity over infinity similar to the equation (3.37). Hence our
theorem 3.4 follows.
3.2 Geometric conditions for metric to be normal
In this section, we will show that there is a large class of metrics which are normal.
The main result of this section is the following theorem.
Theorem 3.9 Suppose e2ug0 is a complete C
∞ metric on Rn with absolutely integrable
Qn curvature and its scalar curvature is non-negative at infinity. Then the metric is














Since Qn is integrable, v(x) is well-defined, and (−∆)n2 v = Qne4u. If we set w = u− v,
(−∆)n2w = 0.
26 3 High Dimensional Chern-Gauss-Bonnet formula
We want to show that under the assumption in this theorem, (−∆)(u − v) = 0.
Since (−∆)n2w = 0, (−∆)n2−1w is harmonic. Let p = n2 . Hence, by mean value property,














































Multiple (3.44) by nrn−1 on both sides and integral on r, we get
rn+2
2(n+ 2)






Divide both sides of (3.45) by rn, we have
r2
2(n+ 2)




Now repeat the above argument p− 1 times to get
P (r)
= C1(n, p)r
2(p−1)(∆p−1w)(x0) + C2(n, p)r2(p−2)(∆p−2w)(x0)




w(y) dy − w(x0), (3.46)
where all Ci(n, p) are positive constants depending only on p and n.



































































where C is a constant only depends on the absolute integral of the Qn curvature.























































|∇u|2 = − R
2(n− 1)e
2u.
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Hence, in the right side of the equation (3.50), the leading term is C1(n, p)
24(p −
1)2r4p−6[(−∆)p−1w]2(x0). Therefore, if we divide the factor r4p−6 throughout the equa-
tion (3.50) and let r goes to infinity and combine with the equation (3.51), we get
[(−∆)p−1w](x0) = 0 if 2p > 3. Once [(−∆)p−1w](x0) = 0, the next leading term will be
C2(n, p)
24(p − 2)2r4p−10[(−∆)p−2w(x0)]2, and then repeat this argument to conclude
that [(−∆)p−2w](x0) = 0. Hence, we get P (r) = 0. Since x0 is arbitrary in Rn, we
conclude that w is a harmonic function in the whole space Rn.
Next, we show that u is a constant function. In order to see this, we first note that
∇iw is also a harmonic function for all 1 ≤ i ≤ n. Hence, by mean value formula for





















Taking the average integral over the sphere ∂Br(0) and using the estimate (3.49) for
v, we conclude that |wi(x0)| = 0. Since x0 is arbitrarily chosen, we have wi = 0. Thus
w is a constant function. Hence, u is a normal metric. Therefore, Theorem 3.9 follows.
3.3 Chern-Gauss-Bonnet formula in Local version
In this section, we generalize the result in previous section to local version. The
main result is the following theorem.
Theorem 3.10 Suppose (Rn\B1(0), e2ug0) is complete a conformal metric with abso-
lutely integrable Qn curvature and non-negative scalar curvature at infinity. Then we
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In order to proof this theorem, we need the definition of normal metric in the local
version.
Definition 3.11 A conformal metric e2ug0 with absolutely integrable Qn curvature is



















|x|2j + h(x), (3.55)



















is bounded for r large if n is odd and is o(1) as r →∞ if n is even.
Similarly to Lemma 3.5, for a normal metric which is complete at infinity, we have
the following identity,














nu(y) dy ≥ 0.
Proof. Similar to the proof of Lemma 3.5. 2
With all the preparation, now we want to prove Theorem 3.9.
Proof of Theorem 3.10. We first show that Theorem 3.9 holds true for normal












By the definition of Qn curvature and integration by parts, it follows that






















































Notice that here we have used the fact that the rest of integrals are zero and also
b(n)(n− 2)ωn−1 = (n− 1)!
2
ωn.
















































dσ = β0. (3.61)


















which follows from the L’Hospital rule just same as in whole space situation.
In the following, we are going to show that our assumption in Theorem 3.10 implies














Since Qn is integrable, v(x) is well-defined, and (−∆)n2 v = Qnenu. If we set w = u− v,
then w is a p−harmonic function, where p = n2 . We can see that for any x0 ∈ Rn\B1(0),
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as long as r ≤ |x0| − 1, the equation (3.46) holds. If we choose R0 sufficiently large so
that the scalar curvature R ≥ 0 for any point x with |x| ≥ R0, then for any x0 such that
|x0| ≥ 2R0, we have R ≥ 0 on the ball B |x0|
2
(x0). Hence, for such an x0, the equation
(3.51) holds too for any r ≤ |x0|2 .







P (r)]2) ≤ C, (3.63)
where the constant C is independent of x0 and r. Here, we have used the fact that,
















for some constants C1 and C2 which depend only on n and the absolute integral of Qn
curvature.
By the equation (3.46), and choosing r = |x0|2 , it follows that
|x0|2k
∣∣∣[(−∆)kw](x0)∣∣∣ ≤ C, (3.64)
where C only depends on n and
∫
Rn\B1(0) |Q(y)|e4u(y) dy.
Next, we want to work out the function h in the definition of normal metric. Let
γ(x) = w − β0 log |x|,
where β0 is a constant to be determined. It is easy to see that
(−∆)n2 γ = 0.
Integrating the follows equation over the set Br(0)−B1(0),
(−∆)n2w = 0




(−∆)n2−1w(y) dσ = a+ b
rn−2
. (3.65)
Hence, by direct calculation, we have
(−∆)n2−1γ = (−∆)n2−1w − bnβ0r2−n,
where bn 6= 0 is some constant depending only on n. Since w satisfies the estimate
(3.64), we conclude that the constant term of the above equality (3.65) should vanish,
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(−∆)n2−1γ dσ = 0. (3.66)
In order to find the function h with properties in the definition of normal metric,
we need to separate the cases according to whether n is odd or even.
We need to find the function h in the definition of the normal metric. Let βi, 1 ≤






It is easy to see that
(−∆)n2 γ1 = 0




(−∆)n2−1γ1 dσ = 0. (3.68)
By integrating the equation (3.68) over the set Br(0)\B1(0), and using the diver-




(−∆)n2−2γ1 dσ = a+ b
rn−2
. (3.69)
By the estimate (3.64) of u, we conclude that a = 0 in the equation (3.69).
By the definition of the function γ1, we have
(−∆)n2−2γ1 = (−∆)n2−2u− b0(n)β0r4−n − b1(n)β1(n)β1r2−n, (3.70)







exists and is finite. Thus, we can choose β1 such that b1(n)β1 is equal to that limit.




(−∆)n2−2γ1 dσ = 0. (3.71)
Repeat this procedure for other n2 − 3 times to determine all the coefficients for
2 ≤ i ≤ p− 2. With those choices of βi, we let h be the resulting function γ1.
Finally, h has the property we need for normal metric. By the definition of v and
h, we can see that the metric g = e2ug0 is a normal metric in all dimension. Therefore,
we finish the proof of Theorem 3.10. 2
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3.4 Chern-Gauss-Bonnet formula for conformally flat manifolds
In this section, we will work out the generalized Chern-Gauss-Bonnet integral for-
mula for locally conformally flat n dimensional manifolds with n = 2m even. Recall
first the definition of locally conformally flat manifolds with simple ends.
Definition 3.13 Suppose that (M, g) is a complete non-compact locally conformally
flat n dimensional manifold such that









and each end Ek is simple in the sense that
(Ek, gk) = (Rn\B1(0), e2ukg0)
for some function uk. Such manifolds will said to be complete locally conformally flat
n dimensional manifolds with simple ends.
As main result of this section, we should apply the local version result of last section
to show the following theorem,
Theorem 3.14 Suppose that (M, g) is a complete, locally conformally flat n dimen-
sional manifold with simple ends. Let the number of those ends be equal to l, and assume
the following conditions,
(a). the scalar curvature is non-negative at infinity on each end;
(b). the Qn curvature is absolutely integrable.

























Remark. It follows from the definition of a locally conformally flat, complete man-
ifold with simple ends that




Since (M, g) is locally conformally flat, in locally coordinates, the Qn curvature can
be simply defined by
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Qn = [(−∆)n2 u] · e−nu,
where g0 is flat metric on Rn.
Proof. First of all, the well-known Chern-Gauss-Bonnet formula (see [31]) for com-












where η is the inward normal rather than outward normal and Φ is n− 1 form on the
unit tangent bundle of N such that
dΦ = n!Kndvg. (3.75)
By Thm 0.2 of T. Branson, P. Gilkey and J. Pohjanpelto [3], there exists a constant
c 6= 0 and an n− 1 form Ψ such that,
Qndvg = cKndvg + dΨ. (3.76)
Notice that our Qn curvature do satisfy the condition of their theorem 0.2 in [3].


























Since this is true for all locally conformally flat manifolds, in particular, it holds





(n− 1)!ωn . (3.78)






Notice that for our case, ∂N =
⋃l
k=1 ∂B1(0), and near the boundary ∂N of N , the
manifold looks like the product. Hence, it is natural to use cylindrical coordinates so
that Qne
nu can easily be expressed as the differential form as in above formula (3.74).
To do so, let us denote the function u+ log |x| by v near the boundary of ∂N . It is not
hard to see that we still have,
(−∆)n2 v = Qn(y)env. (3.79)
On each end, the standard metric can be written as
ds2 = e2t(dt2 + ds20)
in the cylindrical coordinates. The advantage to use the cylindrical coordinates is that,
on one hand, the normal vector field along ∂B1(0) is nothing but
∂
∂t ; on the other hand,
the Laplace operator has a natural decomposition in normal direction,
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where (−∆0) is the Laplace operator with respect to the round metric on Sn = ∂B1(0).
Therefore, we have
[(−∆)n2 v]entdt ∧ dθ1 ∧ · · · ∧ dθn−1 = d{e(n−2)t[(−∆)n2−1v]dθ1 ∧ · · · ∧ dθn−1},(3.81)
where dθ1 ∧ · · · ∧ dθn−1 is the volume form on Sn = ∂B1(0).
Hence, in cylindrical coordinates, we have
Qndvg = d{e(n−2)t[(−∆)n2−1v]dθ1 ∧ · · · ∧ dθn−1}. (3.82)




(n−2)t[(−∆)n2−1v]dθ1 ∧ · · · ∧ dθn−1} (3.83)
Therefore, by Thm 0.3 of T. Branson, P. Gilkey and J. Pohjanpelto [3], there exists




(n−2)t[(−∆)n2−1v]dθ1 ∧ · · · ∧ dθn−1}+ dΛ. (3.84)
Now on each end, ∂B1(0) is a closed manifold without boundary, by Stokes theorem,
we obtain ∫
∂B1(0)
Ω = [(−∆)n2−1v]dθ1 ∧ · · · ∧ dθn−1}, (3.85)
with t = 0.

























dσ + b(n)(n− 2)ωn−1, (3.87)
where e−t ∂∂r and e
n−1t = rn−1.







− b(n)(2− n)r1−ndσ = µk (n− 1)!ωn
2
. (3.88)
Then it follows from those observations that
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2
Finally, we have generalized the Chern-Gauss-Bonnet formula to high even dimen-
sional locally conformally flat Riemannian manifolds. Although we believe that Chern-
Gauss-Bonnet formula holds true for a general open Riemannian, due to the complexity
of the integrand of Chern-Gauss-Bonnet formula, it is hard to get those generalizations.
4Controlling the number of ends by the mean curvature
The main result of this thesis is to find some conditions such that the manifold
M is embedded, and the key step is to find when there is only one end. Hence, in this
chapter we will use the mean curvature to control the number of ends of manifolds with
non-negative scalar curvature. In the following three properties, we consider a complete
n dimensional Riemannian manifold. The following is a generalization from [21].
First we have the Sobolev inequality proved by Michael and Simon,
Lemma 4.1 Let Mn be a sub-manifold immersed in Rn+p. Then for any function
















where the constant αn,p can be defined as follows:
Let E be an n-dimensional linear subspace of Rn+p. For any n-plane F ⊂ Rn+p, and
the orthogonal projection
q : F → E,
define a function KE(F ) = | det(q)|, where det(q) is taken in orthonormal basis of F









the integration is taken for the Haar measure of Gn,n+p. Since Gn,n+p is homogenious
and by the invariance of Haar measure, αn,p only depends on n, p.
Then we have a corollary of Lemma 4.1
Lemma 4.3 Let Mn be a sub-manifold immersed in Rn+p. Suppose that n‖H‖nC1 < 1
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Now for any ϕ ∈ C10 , we set h = ϕ
2(n−1)

























Thus the lemma is proved. 2
The next lemma is to get the volume control from below which will be useful in the
course of proof of our main results in this chapter.
Lemma 4.4 Suppose that Mn(n ≥ 3) is a complete noncompact immersed hyper-
surface in Rn+1. Assume that nC1‖H‖n < 1, where C1 is again the constant given
in Lemma 4.1. Then
Vol (B(q, s)) ≥ sn(1−nC1‖H‖n), (4.5)
for any q ∈M , and all s ≥ 0.
Proof. Take an arbitrary point p ∈ M , without loss of generality, we may assume
p = 0 ∈ Rn+1. In the following we let d(·, ·) be the distance function of Rn+1, and r(·, ·)
the distance function of M with respect to the induced metric. We will write d(x), r(x)
if the base point is 0. Obviously d ≤ r for any two points in M . Let γ be a minimal











( by the triangle inequality)
≤ 1. (since d ≤ r). (4.6)
By a direct computation, one can show that
∆Md
2(x) = 2n(1 +H〈η, x〉),
where η is out unit normal to the hyper-surface M and x is the position vector in Rn+1.
In particular, |〈η, x〉| ≤ d(x) ≤ r(x).
Let B(s) be the geodesic ball of M , of radius s centered at 0. Integrating the above
equation over B(s) and using (4.6) and Ho¨lder inequality, we obtain
2n vol(B(s)) ≤ 2s vol(∂B(s)) + 2n(
∫
B(s)
|H|ndµ) 1n s(vol(B(s)))n−1n .
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n ≤ vol(∂B(s)). (4.7)








|r=s ln(vol(B(r)))− n(1− nC1‖H‖n)






Therefore, by integrating it over the interval (0, s) and taking the exponential to get
vol(B(s)) ≥ sn(1−nC1‖H‖n),




n ≥ 0. 2
The following lemma is about the ends of a manifold and harmonic function on the
manifold.
Lemma 4.5 Let M be a complete and noncompact n-dimensional immersed hyper-
surfaces in Rn+1 satisfying n‖H‖nC1 < 1 where C1 is a constant given in the above
lemma. If M has at least two ends , then M admits a nonconstant bounded harmonic
function with finite energy.
Proof. The proof is analogy to the proof of Lemma 2 in [4]. We will provide the
argument here for completeness of this chapter. We first prove that for each compact set
K ⊂M , every noncompact component F of M \K has infinite volume. Suppose Vol(F )
were finite. By the fact that lim
s→∞ s
n(1−n‖H‖nC1) = ∞ , there would exist a sufficiently
large s0 such that
s
n(1−n‖H‖nC1)
0 > Vol(F ).
Choosing a point x0 ∈ F so that r(x0, ∂F ) > s0 would lead to
Vol(F ) ≥ Vol(Bx0(s0)) ≥ sn(1−nC1‖H‖n)0
which is a contradiction. Hence Vol(F ) =∞.
Next let M be covered by an exhaustion {Di}, a collection of relatively compact
sub-manifolds with boundary, for example, take Di = B(0, i) ∩M where B(0, i) is the
ball in Rn+1 with radial i and center 0. Let M \Di = ∪sj=1F (i)j be the disjoint union of
connected components with s ≥ 2. Fix an i0 and let F (i0)1 and F (i0)2 be any two ends,











= 0 for each k ≥ 2.
Then by the maximum principle for harmonic functions, 0 ≤ ui ≤ 1. For any
j < i, we extend uj to uj : Di → R continuously such that uj = 1 or 0 on the
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complement Di −Dj . Then uj has the same boundary condition as ui on ∂Di. Hence








|∇uj |2dv for i > j.
Thus there exists a constant c1 > 0 such that∫
Di
|∇ui|2dv ≤ c1 for i > i0.
Therefore, we can find a harmonic function u on M such that
lim
i→∞
ui(x) = u(x), ∀x ∈M,


















|∇ui|2 ≤ 4C2s c1. (4.8)
Since Vol(Di) → ∞, by letting i → ∞, we find that if u is a constant, then u ≡ 0








k , k 6= 2,










2ψ2|∇ui|2 + 2u2i |∇ψ|2dv ≤ c3, (4.9)
where the constant c3 = 2C
2



























≤ c3, a contradiction.
Similarly, u ≡ 0 can not happen by replacing u and ui by 1−u and 1−ui, respectively in
same argument. Consequently u is not a constant. This completes the proof of Lemma
2. 2
With this Lemma 4.5, we have the following result,
41
Theorem 4.6 Let Mn(n ≥ 3) be a complete sub-manifold immersed in Rn+1 with













2(n− 1)2 + n√n(n− 2)
)
,
then M has only one end.
Proof. We argue by contradiction. By the construction of Lemma 4.5, we know that
if M is of more than one end, then there exists a nontrivial bounded harmonic function
u(x) on M which has finite total energy.
For such a harmonic function u, let f(x) = |∇u|. By Bochner’s formula, we obtain:
1
2
∆f2 = |Hess u|2 +Ric(∇u,∇u). (4.11)
Next we prove the following inequality,
|Hess u|2 ≥ (1 + 1
n− 1)|∇f |
2. (4.12)
If |∇u| = 0, the above inequality of course holds. If |∇u| 6= 0, for any p ∈ M we
choose a normal coordinate around p such that ui(p) = 0 (i ≥ 2) and u1(p) = |∇u|(p).













|∇f |2 = u21j .
We can calculate that
|Hess u|2 − |∇f |2

































n− 1 |∇f |
2,
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since Hessian is symmetric. Therefore, we get (4.12)
|Hess u|2 ≥ (1 + 1
n− 1)|∇f |
2.
Apply F. Leung’s curvature estimate in [18] with k = 0 to get
Ricmin ≥ 1
n2
{2(n− 1)n2H2 − n(n− 1)|B|2
−(n− 2)n|H|
√
(n− 1)(n|B|2 − n2H2)}. (4.13)
Since R = n2H2− |A|2 is non-negative, we plug this into the above estimate (4.13),
Ricmin ≥ 1
n2
{2(n− 1)n2H2 − n(n− 1)|B|2
−(n− 2)n|H|
√
(n− 1)(n|B|2 − n2H2)}
≥ 1
n2
{2(n− 1)n2H2 − n(n− 1)(n2H2 −R)
−(n− 2)n|H|
√
(n− 1)n[(n2H2 −R)− nH2]}
≥ 1
n2
{2(n− 1)n2H2 − n(n− 1)n2H2
−(n− 2)n|H|
√
(n− 1)n(n2H2 − nH2)}
≥ −2(n− 1)(n− 2)H2.
i.e.
Ricmin ≥ −2(n− 1)(n− 2)H2. (4.14)
With help of this estimate (4.14), Bochner’s formula takes the form,
f∆f + 2(n− 1)(n− 2)H2f2 ≥ 1
n− 1 |∇f |
2. (4.15)
Now let ϕ be a cut-off function such that
ϕ(x) =
{
1, if x ∈ Bp(r),




with C = 2.
Multiplying ϕ2 on both sides of the above inequality (4.15) and integrating by parts









































































































































( nn−1 − δ1)C−1s
δ2 + 1






















2(n− 1)2 + n√n(n− 2)
)
, (4.19)
then it is easy to see that if ‖H‖n < C2, then ‖H‖2nCs < n2(n−1)2(n−2) . Thus we can
choose δ1 > 0 and δ2 > 0 small enough such that(
( nn−1 − δ1)C−1s
δ2 + 1
− 2(n− 1)(n− 2)‖H‖2n
)
≥  > 0.























n−2 dv ≤ 0,
which implies that f ≡ 0 and therefore u is a constant function. The contradiction here
shows that M has at most one end.
5Mean curvature and embedding
With the preparation of the previous chapters, in this chapter, we will study the
geometry and topology of locally conformally flat four dimensional manifolds from an
extrinsic point of view. To be more precise, we will give the following theorem,
Theorem 5.1 Let M → R5 be a complete, simply connected, noncompact, locally con-
formally flat hypersurface immersed into R5 with 16H2 − |A|2 to be non-negative and










Then M is embedded.
From this theorem, we can see that if the total mean curvature of the immersed
locally conformally flat four dimensional hyper-surface is bounded by a constant which
is independent of the hyper-surface and conditions on the second fundamental form,
then the hyper-surface is actually an imbedded hyper-surface. This result show some
relations between the geometry and the topology of some kind of manifolds.
5.1 Decomposition of the conformal factor
In this section, we want to obtain the Chern-Gauss-Bonnet formula on locally con-
formally flat open four dimensional manifolds related to the ends of the manifolds and
find a decomposition of the conformal factor u.
Let M be a complete, connected, non-compact, oriented, locally conformally flat four
dimensional manifold immersed in R5, i.e. M is a locally conformally flat hyper-surface
of R5.
Choose a conformal parametrization
f : Ω∗ → Σ ⊂M,
where
Ω∗ = {x ∈ R4, |x| > 1},
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and Σ is a neighborhood of an end of M . Under this conformal parametrization, we
denote the conformal metric by g = e2ug0, where g0 = |dx|2 is the standard flat metric
on Euclidean space R4. First let us recall the definition of a conformal metric to be a
normal metric.
The next definition of normal metric is the same as in [7].
Definition 5.2 The conformal metric e2ug0 on Ω
∗ satisfying that the Q4 curvature is









4u(y) dy + α log |x|+ h(x), (5.2)
where α is some constant and h( x|x|2 ) is some biharmonic function on the unit ball B.
With the above definition, for the conformal metric of a locally conformally flat
hyper-surface in R5 around each end, we can show that under some assumption on
the mean curvature and the second fundamental form, the conformal metric is normal
around each end. Actually, here we can show that u has a better decomposition.
Since 0 ≤ R = 16H2 − |A|2, we have 16H2 ≥ |A|2. Also,
16H2
= (λ1 + λ2 + λ3 + λ4)
2






4 + 2(λ1λ2 + λ1λ3 + λ1λ4 + λ2λ3 + λ2λ4 + λ3λ4)
≤ 4(λ21 + λ22 + λ23 + λ24)
= 4|A|2.
Therefore,
4H2 ≤ |A|2 ≤ 16H2.
Hence,
|H| ∈ L4(M)⇐⇒ |A| ∈ L4(M).
Suppose Ω4 is the standard volume form of S4, then by Theorem 26.2.2 in [10],
K4 dσ = G
∗(Ω4),
where dσ is the volume form of M and K4 is the Gaussian curvature of M . Hence,
K4e
4u dx1 ∧ dx2 ∧ dx3 ∧ dx4 = G∗(Ω4).
Given the condition that |H| ∈ L4(M), we have |A| ∈ L4(M), so the Gauss map
G ∈W 1,4(M); then K ∈ H1(M).
If ∆R = ∆(16H2−|A|2) ∈ H1(M), then Q4 ∈ H1(M). Hence, we have the following
theorem
Theorem 5.3 Suppose |H| ∈ L4(M), ∆(16H2 − |A|2) ∈ H1(M), and R = 16H2 −
|A|2 ≥ 0. In local coordinates (Ω∗, e2ug0), the following decomposition holds,




and h is a biharmonic function on Ω∗ ∪ {∞}.
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Proof. Consider the Q4 curvature equation
∆2u = Q4e
4u. (5.3)
Similar to the argument of Theorem 3.2.1 in [25], equation (5.3) has a solution u0
such that
lim
x→∞u0(x) = 0, ∆u0 = o(r
−2),
as r →∞.
If we set w = u−u0, then ∆2w = 0. Hence, ∆w is harmonic. By mean value property,
























































Divide both sides of (5.6) by r4, we have
r2
12
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where C1 is a constant.































+∆P (r) + [
d
dr
P (r)]2 + 2
d
dr






Let us consider the scalar curvature equation under the conformal change g = e2ug0
on Ω∗,
∆u+ |∇u|2 = −R
6
e2u.































Hence, by (5.8), (5.9) and (5.10), we get
r2(∆P (r) + [
d
dr
P (r)]2) ≤ C2, (5.11)
where the constant C2 is independent of x0 and r.





choose r = |x0|2 , then
|x0|2|(∆w)(x0)| ≤ C, (5.12)
where C is a constant independent of x0.
Let h(x) = w−α log |x|, it is easy to see that ∆2h(x) = 0. Take the spherical integral
of the equation
∆2w = 0
for r ≥ 1,


















































































By the estimate of ∆w, i.e. (5.12), we get the constant term of the above equality
(5.14) should vanish. By direct calculation,
∆h = ∆w − 2α
r2
.
Therefore, if we choose












By the estimate of ∆w i.e. (5.12), we have
|x0|2|(∆h)(x0)| ≤ |x0|2|(∆h)(x0) + α|x0|2 |+ |α| ≤ C3.
Since |x0| ≥ 1,
|(∆h)(x0)| ≤ C3,
where C3 is a constant.
Hence |∆h| is bounded on the neighborhood of ∞. Since ∆h is harmonic, by Thm
4.10 in [1], ∆h is harmonic at infinity, so h is biharmonic on Ω∗ ∪∞. Therefore, finally
we get
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u(x) = u0(x) + α log |x|+ h(x),
where limx→∞ u0(x) = 0, α is a constant and h is a biharmonic function on Ω∗∪{∞}. 2
By the decomposition of the conformal factor, we can show
Theorem 5.4 With the conformal parametrization
f : Ω∗ → R4.










x→∞h(x),m = α+ 1.
Proof. By the reflection with respect to the unit sphere, we map Ω∗ to the unit
ball B and take the the Taylor expansion of f = (f1, f2, f3, f4, f5) around 0,
f(x) = 〈fxi , x〉+O(|x|).
Since 〈fxi , fxj 〉 = 0, if i 6= j, and |fx1 | = |fx2 | = |fx3 | = |fx4 | = eu, we have
〈f, fx1〉 = x1|fx1 |2 +O(|x|), and |f |2 = |x|2|fx1 |+O(|x|). Then by L’Hospital Law with
respect to x1 and by the decomposition of u, i.e. u(x) = u0(x) +α log |x|+ h(x), where
lim
x→∞u0(x) = 0,


























Hence, if we let
λ = lim
x→∞h(x),m = α+ 1,









This in some sense indicate that f behaves like xm, if we consider R4 as the quater-
nions H. Using this, we can apply the covering map
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x→ xm
to make any end of the manifold M to be a simple end.
































































































= 1 + αi = mi.










5.2 Immersion and Embedding
In [25], Mu¨ller and Sˇvera´k made some assumption on the normal of the second
fundamental form, and they proved the following results
52 5 Mean curvature and embedding
Theorem 5.5 Let M ↪→ Rn be a complete, connected, non-compact surface immersed
into Rn. Assume that either ∫
M
|A|2 dvM < 8pi, n = 3,
or ∫
M
|A|2 dvM ≤ 4pi, n ≥ 4.
Then M is embedded.
In this chapter, we will generalize this result to locally conformally flat four dimen-
sional Riemannian manifolds, which immersed into R5. With the preparations of the
previous chapters, we can prove the main result of this thesis.





|H|4dv) 14 < C2,
by Theorem 4.6, the manifold has only one simple end, i.e. the total number of ends
m = 1. Then by the decomposition
u(x) = u0(x) + (m− 1) log |x|+ h(x),
where
lim
x→∞u0(x) = 0, h(x) biharmonic at infinity,
we obtain that eu = |fxi | is bounded on Ω∗, and f behaves like x at infinity. By Theorem
1.6 and Theorem 3.5 in Chapter 6 in [29], there exists an injective developing map
Φ : M → S4,
since the scalar curvature R ≥ 0. Therefore, M is conformally equivalent to R4. Hence,
we can extend the conformal parametrization f to the whole manifold, i.e.,
f : R4 →M.
eu = |fxi | is also bounded on the compact set R4 \ Ω∗. Therefore, for any two points
x, y ∈ R4, we have
|f(x)− f(y)| ≈ C|x− y|.
Hence, there are no intersection points and for any open set V in M , we can find an
open set U in R5 such that V = M ∩ U . Therefore, M is embedded into R5. 2
6Conclusions and further work
From the above, only the co-dimensional one case has been studied. Similar to
the surface case, we can also study higher co-dimensional case. For this higher co-
dimensional case, we can follow the method in [25]. However, the difficulty is we do not
know which canonical form on G4,n can be pulled back to be Q4 dv, where Q4 is the
Q4 curvature, and dv is the volume form of M . And another difficulty is that we do
not know how to control the number of ends. If we can find such a form and a way to
deal with the number of ends, we can do similar things as in [25].





In Euclidean space Rn, for a function f ∈ C2(Rn), and a ball Br(x0) ⊂ Rn which
centered at the point x0 ∈ Rn with radius r, its boundary is a sphere ∂Br(x0). We have
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